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1. Introduction 

For any number field F (not necessary of finite degree) and prime 
number p, let L P (F) denote the maximal unramified p-extension over F, 
and put Gp{p) = Gal(L p (F) / F) . Though the structure of Gp(p) has 
been one of the most fascinating theme of number theory, our knowl- 
edge on it is not enough even at present: It had been a cerebrated open 
problem for a long time whether Gp(p) can be infinite for a number field 
F of finite degree, and Golod and Shafarevich solved it b y giving F 
with infinite Gf{p)- Hence we barely know that Gf{p) can be infinite. 
However we do not know exactly what kind of pro-p-groups occur as 
Gf{p)'i for example, there are no examples of infinite Gp(jp) for number 
fields F of finite degree whose structure is completely determined. The 
known general property of the group Gp(p) for number fields F of finite 
degree is only that Gp(p) is a finitely presented pro-p-group any whose 
open subgroup has finite abelianization, which comes from rather fun- 
damental facts of algebraic number theory, namely, class field theory 
and the finiteness of the ideal class group. Indeed, a consequence of 
the Fontaine-Mazur conjecture predicts that Gp(p) has a certain dis- 
tinguished property (see [2]), however, this conjecture seems far reach 
object at present. 

On the other hand, we have known that various kind of pro-p-groups, 
especially, finite p-groups in fact occur as Gf(p)- For example, Scholz 
and Taussky [TT] have already determined the structure of Gp{p) for 
F = Q(V — 4027) and p = 3 in 1930's : this group is a non-abelian 
finite group of order 3 5 . Also, Yahagi [13] showed that for any given 
finite abelian p-group A there exists an number field F of finite degree 
such that G F (pT b ^ A. 
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In the present paper, we shall show that every finite p-group occurs 
as G F (p) for some number field F of finite degree: 

Theorem 1. Let p be a prime number. Then for any given finite 
p-group G, there exists a number field F of finite degree such that 
G F (p) ~ G. 

In the case where we take account number fields of infinite degree, 
we shall determine completely the set of the isomorphism classes of the 
pro-p-groups G F {p) where F is an algebraic extension over Q: 

Theorem 2. For a prime number p, let C p be the set of all the iso- 
morphism classes of the pro-p-groups G F {p) where F is an algebraic 
extension over Q. Then C p is exactly equal to the set of all the isomor- 
phism classes of the pro-p-groups with countably many generators. 

2. Strategy of construction 

We first introduce some notations. For any number field F and 
prime number p, let L p (F)/F and L p d> (F)/F be the maximal unrami- 
fied p-extension and the maximal unramified abelian p-extension of F, 
respectively. Also we write Cl(F) for the ideal class group of F. For 
any pro-p-group G we define d(G) and r(G) to be the generator rank 
and relation rank of G, respectively; d(G) = dim.f p F p ), r(G) = 

dimF p H 2 (G, F p ). If Gf{p) is finite, we put 

B P (F) = ((2[F(/i p ) : F] + 1) (#G F (p) - l) + 2) x 

(d(G F (p))+r(G F (p))+dim Wp (C\ (L P (F)(» P )) ® ^ P ) G3l{Lp{F)( , p)/FM) ) 

+ d(G F (p)) +4dim Fp (Cl(L p (F)(/i p )) ®F p ) Gal(Lp(F)(/ip)/F(M) + 3, 

fi p being the group of the p-th roots of unity, which is a constant 
depending only on F and p. In what follows we shall show the following 
two propositions: 

Proposition I . Let p be a prime number. Then there exists a totally 
imaginary number field k of finite degree such that Gk{p) = 1 and 
that r 2 (k) > B p {k), where r 2 (k) stands for the number of complex 
archimedean places of k. 

Proposition II . Let p be a prime number and k a totally imaginary 
number field of finite degree with finite Gk{p) such that r 2 (/c) > B p (k) 
and L p (k)/k is p-decomposed, namely, every prime of k lying over p 
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splits completely in L p (k). Then for any exact sequence of finite p- 
groups 

1 — > I'lv — ► G' G fc (p) — > 1 
there exists a finite extension k'/k such that L p (k) C\ k' = k, r 2 (k') > 
B p (k'), L p (k')/k' is p-decomposed, and Gk>{jp) fits the following com- 
mutative diagram with an isomorphism 6 : G' ^* Gk>(p)'- 

G' G k (p) 

pi / \ restriction P? / \ 

Gk'VP) > G k (p), 

where the bottom horizontal map is the restriction map induced by the 
inclusion L p (k) C L p (k'). 

Then one can derive Theorems 1 and 2 from Propositions I and II as 
follows: Theorem 1 follows from Propositions I and II by induction on 
the order of the finite p-group G because any non-trivial finite p-group 
has a normal subgroup of order p. Theorem [2] also follows similarly from 
Propositions I and II: Because the Galois group of a pro-p-extension of 
number fields should have countably many generators, it is enough to 
show that for any given pro-p group G with countably many generators 
there exists number field F with Gp(p) ~ G. We may assume that G is 
infinite thanks to Theorem 1. Then there exists a projective system of 
finite p-groups G n (0 < n G Z) with Gq = 1 and surjective morphisms 
(pm,n '■ G m — > G n (m > n) with ker0 n+ i >n ~ 7Ljp such that G is 
isomorphic to the projective limit of this projective system. Hence, by 
using Propositions I and II, we can construct a tower of number fields 
k n of finite degree 

&o Q h C • • • C k n C k n+l C • • • C F := (J k n 
such that L p (k n ) D F = k n and Gfc„(p)'s fit the commutative diagram 

n+1 > 

n +i l 6 n ; 

pi / \ restriction pC , \ 

Gk n+1 (P) > G kn (p) 

with suitable isomorphisms n 's. Thus F is a required field because 
l p( f ) = Unen L p( k n) and G F (p) ^ lim G k Jp) ~ G. 

We can easily show Proposition I thanks to Horie's theorem [1] on 
the indivisibility of the class numbers of imaginary quadratic fields and 
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the Ferrero- Washington theorem pQ on the vanishing of the Iwasawa 
/^-invariants of abelian number fields. However our proof of Proposition 
II is rather complicated and long, in which we shall employ extensively 
the Chebotarev density theorem and the theory of embedding problem 
of Galois extensions. 

3. Proof of Proposition I 

In this section, we shall give a proof of Proposition I. 

Let p be any prime number. Then it follows Horie [4J that there 
exists an imaginary quadratic field F such that the prime number p 
does not decompose in F and does not divide the class number hp of 
F. Then the class number of the n-th layer F n of the cyclotomic Z p - 
extension Foo/F is prime to p by Iwasawa [5] as well known, since 
has the unique prime lying over p by p \ hp . Hence we have Gp n (p) = 1 , 
from which we see that 

B p {F n ) = 6 dim Fp (Cl(F n (ft,)) <g> F p ) + 3. 

On the other hand, diniF p (Cl (F n (p, p )) <S> ¥ p ) is bounded as n goes to 
infinity because the Iwasawa //.-invariant of the cyclotomic Z p -extension 
Fooi^p) / F (fi p ) , whose n-th layer is F n (fi p ), vanishes by the Ferrero- 
Washington theorem pQ. Therefore inequality r 2 (F n ) > B p (F n ) holds 
for sufficiently large n, which proves Proposition I. 

4. Preliminary results on the structure of the group of 

UNITS 

Since our proof of Proposition II is rather long and complicated, 
we divide it into 5 sections. In this section we shall give preliminary 
results on the Galois module structure of the group of units modulo 
p-th powers, which we shall need below. 

In what follows, we fix a prime number p and totally imaginary 
number field k of finite degree with finite G^ijp). We first introduce 
some notations. For any number field F we write Op for the integer 
ring of F. We put G := G k {p) = Gal(L p (k) / k) , A := Gal(Jfe(// p )/Jfe) 
and K := L p (k)(fi p ). Then the order of A divides p — 1, and we have 
the natural isomorphism 

Gal(K/k) - AxG 

induced by the restriction of field automorphisms and we shall identify 
these two groups via the above isomorphism. For any Z p [A]-module 



M and a p-adic character x G A : = Hom(A, Z*), we put 



and define the x _ P ar t M x of M to be e x M. Then we have the direct 
sum decomposition 

M = 0M X 

as a Z p [A]-module. We define the cyclotomic character uo G A by 
5(C) = C" (5) (5 G A, C € 

Lemma 1. For % G A, we have 

fr 2 (A0#G (ifx/l^or A=l), 
dim Fp (0* ® F p )* = I r 2 (fc)#G + 1 (if X = w ^ 1), 

[r 2 (fc)#G-l (if X = l^w). 

Proof. It follows from Herbrand's unit theorem (see [SI Chapter V, 
Proposition 2.3] for example) that 

Ol Q p ~ Q P [A x G]®^*)- 1 © %[Axg] 

as Gal(K/k)(= A x G)-modules, where Ir denotes the augmentation 
ideal of R for any group ring R. Hence we have 



{0\ <g> Q p ) x ~ 
as G-modules, which implies 
rank Zp (0£®Z 



p[G] er 2(fc )-i e jQp[G] (ifx 



p[G] er 2(fc ) (if x ^ i), 



X 



r 2 (fc)#G-l (if X =l), 
r 2 (A;)#G (if x ^ 1). 

Therefore we obtain the lemma by noting 

dun F (0* ®F P )*= W + l X = "), 

pl * W \rank Zp (0* ®Z P )* (otherwise). 

□ 



We shall recall some basic facts on the category of the finitely gener- 
ated F p [(j] -modules for a finite p-group G. For any F p [G]-module A, we 
put A* = Hohif p (A, Fp) and define left G-action on it by erf :— f o a -1 
for / 6 i* and a G G. Then we find that (A*)* ~ A and F p [G]* ~ 
F p [G] as F P [G] -modules for any finitely generated F p [G]-module A, from 
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which we see that every finitely generated free F p [G]-module is an injec- 
tive object in the category of finitely generated F p [G]-modules. There- 
fore every free F p [(j]-submodule of a finitely generated F p [G] -module is 
a direct factor of it. 

For any finitely generated F p [G]-module A, there exists a surjection 

¥ p [Gf r — > A 

as F p [(j] -modules for r = dim Fp A G by Nakayama's lemma. Replacing 
A by A* and taking the dual * in the above, we find that there exists 
an injection 

A^W p [Gf r * 

as F p [G]-modules for r* = dim Fp A G since (A*) G ~ (A G )* ~ A G as 
Fp-modules. 

Lemma 2. For any x £ A, there exists a direct sum decomposition 

(0* ® W p y = F X ®N X 
as F p [G]-modules such that 
F x ~F p [Gp" x , N G N x = 0, 

r x > r 2 {k) - (#G - l)(d(G) + r(G) + dim Fp (Cl(K) ® ¥ P ) G ) - S G , X , 
dim ¥p N G <([k(fi p ): k](#G-l) + l)(d(G)+r(G)+dim Vp (C\(K)®W p ) G ), 

where N G = J2 g ec9 e an d $G,x = 1 or according to [G — 1 

and x = 1] or n °t. 

Proof. Let F x be a maximal free F p [G]-submodule of (O^ ® F p ) x . 
Then there exists a direct sum decomposition 

(2) (0* ® F p )* = F x © iV x 

by the injectivity of the free F P [G]- modules. Since N x has no non- 
trivial free F p [(7]-submodule, the annihilator Ann ¥p ^(x) of each x E 
N x is a non-zero left ideal of F P [G]. Hence we have ¥ P N G = ¥ P [G] G D 
(Ann ¥p [ G ](x)) G 7^ for any x E N x , which implies N G E Ann Fp [G](^) 
and N G N X = 0. 

Finally, we shall estimate the free rank r x of F x and dim Fp N G . We 
derive from the exact sequence 

— OHn P ^ 0* ^ 0* ® f p ^ o 

the G-cohomology exact sequence (identifying G with Gal(K/k(/j, p ))) 

(3) iPll^f ^ <D* M — (0* ® F P ) G — ^(G, 0* K / to). 
On the other hand, from the exact sequence 

— to — 0£ — 0£/^ — 0, 
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we get the exact sequence 

(4) H\G, O*) — H\G, OZ/fiJ — H 2 (G, // p ) = H 2 (G, F p ). 

Then it follows from (j3J) and fllj) that 

(5) 

dim Fp (0* ® F P ) G < r 2 (k)[k(fi p ) : fc] + dim Fp (H l (G, 0*/fi p ) ® F p ) 

< r 2 (A;)[A;( Mp ) : fc] + dim Fp (tf 1 (G, 0*) ® F p ) + r(G). 

If we let j : Cl(fc(/x p )) — >■ Cl(iT) be the natural map from the ideal 
class group of k(fi p ) to that of K induced by the inclusion k(fi p ) C X, 
then 

(6) H\G, 0$) ~ ker j C C1(A;(/^)) ® Z p 

as well known (see [6] for example). 

Let L be the maximal unramified elementary abelian p-extension of 
K such that L/k(/i p ) is a Galois extension and Gal(K / k(fi p )) acts on 
Gal(L/A) trivially via the inner automorphisms of Gal(L//c(/x p )), and 
let L be the maximal unramified elementary abelian p-extension of 
k(fi p ), then Gal(L/K) ~ (C1(A) <g> F P ) G and we have 

dim Fp (Cl(/c(/i p )) ® F p ) = dim Fp Gal(L /fc(// p )) 

< dim Fp Gal(K/A;(^)) ® F p + dim Fp Gal(L/A) 

= d(G) + dim Fp (Cl(A)®F p ) G , 

since L K C L. Hence we obtain 
(7) 

dim Fp (0* ®F p ) G < r 2 (fc) [*;(//„) : k}+d(G)+r(G) + dim ¥p (C\(K)®W p ) G 
from (jSJ) and (Q. Also we have 

dim Fp (0* ® F p )* = r x #G + dim Fp iV x 
1 j =r x #G + dim Fp iV* 

by ©. 

Let {ni, n s } C A* (s = dim Fp (iV*) G ) be a set of generators of 
iV* over F p [G]. Then dim Fp ¥ p [G] ni < #G - 1 since Ann Fp[G] (^) ^ 0. 
Hence we obtain 
(9) 

s 

dim Fp iV* < dim F P FptGjTK < (#G - 1) dim Fp (iV;) G 

i=l 

=(#G - 1) dim Fp iV G = (#G - l)(dim Fp ((0* ® F P )*) G - r x ). 
Then it follows from (JS) and (JSJ that 

(10) dim Fp (0* (g) F p )* < r x + (#G - 1) dim Fp ((0* <g> F p )*) G . 
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In what follows, we may assume that G ^ 1 because the lemma is 
obvious in this case by Lemma [TJ Suppose that 

(11) r> < r 2 {k) - (#G - l)(d(G) + r{G) + dim Fp (Cl(K)) <g> ¥ p ) G ) 

for some if) G A. Then by summing up the both side of (jTUl) over all 
the x£ A, and by using ([7j) and assumption ffTTj) . we have 

r 2 (fc)[fc(/i p ) : = dim Fp (0* ® F p ) 

< J] r x + + (#G - l)(dim Fp (0* ® F P ) G ) 

< Yl r x + r ^ k ) - (# G - l )i d i G ) + r i°) + dim Fp (Cl(K) ® F P ) G ) 
+ (#G - l)(r 2 (fc)[A;(jUp) : k] + d(G) + r(G) + dim Fp (Cl(^) ® F p ) G ) 
= E r x + r 2( fc ) + (# G " l)r 2 (A;)[A;(M P ) : k], 

from which we derive 

(12) r 2 (fc)(#A-l)<^r x . 

On the other hand, it follows from Lemma [T] and assumption G / 1 
that 

r x < r 2 (k) 

for any x G A. Hence it follows from f|T2|) that 

r 2 (A;)(#A - 1) < ^ r x < r 2 (fc)(#A - 1), 

which is contradiction. Therefore (fTTj) does not hold for any if) G A, 
which implies the lower estimation on r x . 

We obtain the following estimation on dim Fp from that on r x and 

dim Fp N% < dim Fp N ? = dim F P (C^ ® F P ) G - r i> 

< r 2 (k)[k(fi p ) : fc] + d(G) + r{G) + dim Fp (Cl(K) ® F p ) G 

- #A(r 2 (A;) - (#G - + r(G) + dim Fp (Cl(if) <g> F P ) G )) 

= ([A;(/g : fc](#G - 1) + l)(d(G) + r{G) + dim Fp (Cl(^) ® F p ) G ). 

This completes the proof of the lemma. □ 



5. Application of the Chebotarev density theorem 

In this section we shall give fundamental of our construction, which 
is an application of Chebotarev density theorem. 

Under the same setting and notations as in the preceding section, 
we shall give the following: 

Lemma 3. Let 

/:^®F p ^F p [AxGf r 
be any given F P [A x G]-homomorphism , Mj K any finite abelian exten- 
sion linearly disjoint from K(tfO£)/K, and ai,...,a r G Gal(M/K) 
any automorphisms. Then there exist distinct primes £1, . . . , £ r of K 
and <7i, . . . , g r e Z with the following properties: 

(i) The primes £1, . . . , £ r are unramified in K/Q, of degree one, and 
lying over distinct rational primes different from p. 

(ii) We have (£ i? M/K) = a t for 1 < i < r, where (*, M/K) denotes 
the Artin symbol for M/K. 

(iii) (gi mod £;) <8> 1 generates (0 K /£i) x (g> F p ~ F p for each i, and if 
we define F p [A x G] -isomorphism 



<p : F p [A x Gf r -^0 {0 K /aZ t y ® F p 

i=l o-eAxG 



by 




) ] = mod (TfijJ^oW^c)^, 

KKr; 



and 



i=l o-eAxG 

to be the natural map induced by the projections — ► (Oi S :/o"£j) x , 
then we have 

if O / = 7T. 

Proof. Let Pr; : F P [A x G]® r — ► F P [A x G] be the i-th projection 
for 1 < i < r, and we fix an F p -isomorphism i : F p ~ fi p . Define 
homomorphism of F p -modules 

<Pi : O x K ® F p — ► // p 

by = i{a^) when Pr^ o f(x) = E,7eAxG a ^ ff - Then it follows 

from the Kummer duality 

Hom(0* ® F p ,/i p ) ~ G8l(K(tfo%)/K) 
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that there exists the unique element % G G&l(K(^/0*)/ K) such that 
(13) ^(e®l)= 7i (^i)(^i)- 1 

for any e ® 1 G 0£ ® F p . By using the Chebotarev density theorem, 
we can choose primes ft, . . . , ft of K with properties (i), (ii), and 



(14) (2 i ,K(yO*)/K) = y i (l<i<r). 

Now we choose rational integers ft such that 

JV(£ ( )-1 

9i " = <<(h p ) (mod ft). 
Then (ft mod ft) ® 1 generates (C^/ft)* ® F p , and we obtain 

JV(£j)-l 



(M^OO ® 1) = 7<( V^MX V^M) -1 = (T~\e)~^ (mod ft) 
by ( fl3l) and l fl4l) . Hence if we assume that 

Pr l0 /( £ ®1)= ]T a «<7, 

o-eAxG 

and 

(a _1 (e) mod ft) ® 1 = (ft mod ft) ® &W 
with 6^ G F p for 1 < i < r and a G A x G, then 

i(a«) = U°~\e) ® 1) = a-'ie)^ 1 

jV(£i)-l 

= g° > = 4 (6W) (mod ft), 

which implies 

a« = 6«, (^(e) mod ft)® 1 = (ft mod ft) ® a« 

for all i and a. Therefore we see that 

7r(e®l) = (((e mod aft) ® 1)^ 

= (((ft mod aft) ® af) ff )i = p o f(e ® 1) 

for any £ ® 1 G 0£ ® F p . This shows that the primes ft, . . . , ft and 
the rational integers ft , . . . , g r also have property (iii). □ 

6. CRUCIAL PROPOSITION. 

Our aim in this section is to give the following, which plays a crucial 
role in our construction: 
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Proposition 1. Let p be a prime number, and let k be a totally imag- 
inary number field of finite degree with finite G k (p). Assume that 

r 2 (k) > B p (k). 

Then there exists a cyclic extension k' / k of degree p such that 

(i) k' n L p (k) = k, Lf(Kk') = Lf(K)k' if we put K := L p {k){fi p ), 
hence N Kk , /K : Cl(Kk') <g> Z p ~ Cl(fT) <g> Z p , 

(ii) L p (k') = L p (k)k', hence G k >(p) — G k (p) and K/c' = L p (k')(/j, p ), 

(iii) B p (k') = B p {k). 

We need some preliminary lemmas. 

Lemma 4. Let m be an integral ideal of k. Denote by I k , m and P k ,m the 
group of the fractional ideals of k which is prime to m and the subgroup 
of I k>m which consists of all the principal ideals in I k m , respectively. 
Also we define S ktXn to be the subgroup of P kjXn which consists of all the 
principal ideals generated by elements congruent to 1 modulo m. Let 
Oi, . . . <Xd(G) be ideals of O k which is prime to m and whose ideal classes 
form a basis of the p-torsions Cl(/c)[p] := ker(Cl(/c) — C\{k)) of the 
ideal class group of k. For ctj e O k with af = aiO k , assume that there 
exist Pi E O k and Si G O k such that 

ccj = /3f£j (mod m) 

for 1 < i < d(G). Then we have 

dim Fp ((/ fcim /Sfc,m)®F p ) = dim Fp (C\(k)(g)¥ p ) + dim Fp ((P k:m /S k:m )(g)¥ p ). 
Proof. Since Cl(k) ~ J m /P m , we have the exact sequence 
— (P m /5 m )[p] — . (I m /S m )[p] Cl(A;)[p], 

where we denote by A[p] the p-torsions of a module A. To prove the 
lemma, it is enough to show the surjectivity of ir. Because (/3~ 1 aj) p = 
l3~[ p aiO k and j3~ p ai = £j (mod m) for each i, we see that 

(^ _1 aj mod S m ) E (I m /S m ) \p] , vr^r 1 ^ mod 5 m ) = (a^ mod P m ), 

which implies the surjectivity of n because of the choice of the ideals 
Oi. □ 

Lemma 5. Put K := L p (k)(fx p ) and G := G&L(L p (k) / k) . Define L/K 
to be the maximal elementary abelian p-subextension of L p h (K)/K 
such that L/k(/i p ) is a Galois extension and G = Gal(K / k(fj, p )) ~ 
Gal(fT/A;( / Up)) acts on Gal(L/K) trivially via the inner automorphisms 
of Gal(L/k(n P )). Also let L'/K be the maximal elementary abelian 
p-subextension of L p lh (K)/K. We assume that £i,...,£ r are primes 
of K and k'/k a cyclic extension of degree p which is linearly disjoint 
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from L p {k)/k such that 

(i) Gal(L/K) = ((a£i,L/K)\ l<i<r, a e Gal(K/k)), 

(ii) L'k' is the maximal elementary abelian p-extension over K which 
is unramified outside {<r£j|l < % < r, o G Gal(-fT//c)}, 

(iii) if we denote by 1, the prime of k below £,, then all of the primes 
li, . . . , lr ramify in k' /k. 

Then Lp h (Kk') = L^(K)k' and the norm map N Kk , /K induces the 
isomorphism 

G\{Kk') ®Z P ^ C\(K) <g> Zp. 
Proof. It follows from assumption (i) and the isomorphism 
Gal(L/K) ~ Gsl{Lf{K)/K) G ® F p 

that 

Gal(Lf (AT) /If) = <(a£ l5 L ab (ir)/K)|l < i < r, cr G Gal(AT/A;)> 

by Nakayama's lemma. Hence if we denote by £j the prime of KA;' 
lying over £j, which is totally ramified in Kk'/K by assumption (iii), 
then we have 

(15) £, = £T 

and 
(16) 

Gal(L ab (if) k'/Kk') = ({<j£i, L ah (K)k'/Kk') | 1 < i < r, a G Gal(Kk'/k)). 

Let M be the genus p-class field of the cyclic p-extension Kk! j K, that 
is, the maximal intermediate field of L^(Kk')/Kk' which is abelian 
over K . We denote by N/ K the maximal abelian p-extension unram- 
ified outside {cr£j|l < % < r, a G Gal(K/k)}. Then we have the 
inclusions 

K C Kk' C Lf(K)k' C M CN. 
It follows from assumption (ii) that 

dim Fp Gal(N/K) [p] = dim Fp Gal(N/K) ®W P = dim Fp Gal(L'k'/K) 
= dim Fp Gal(L7^) + 1 = dim Fp Gal(Lf(K)/K)\p] + 1, 

which implies the cyclicity of Gal(iV / (K)) by the exact sequence 

_^ Gz\{N/Lf{K))\p] — > Gal(7V/X)[p] — Gal(Lf (X)/^M 

Hence the primes of Lp b (K) lying over £j totally ramify in N/Lp b (K) by 
assumption (iii) and the inclusions Lp h (K) C L ab (fr)A;' C JV. Therefore 
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N/L^{K)k' has no non-trivial unramified subextensions, hence M = 

Lf(K)k'. Thus we find that 

(17) 

Gal(Lf {Kk')/Kk') Gal(Kk//K) ~ Gd\(M / Kk') = Gal(Lf (K)k'/Kk'). 

It follows from (Tl6l) . the above isomorphism, and Nakayama's lemma 

that 

(18) 

Gal(L p (Kk')/Kk') = (((j£ l ,L ah (Kk')/Kk')\l<i<r, a G Gal^fc'/fc)). 

Since cr£j (a G Gal(fT£;'/A;)) is a Gal^fc'/i^-invariant prime of X/c' 
by (USD, we see that (cx£ 4 , Lf(Kk')/Kk') is also Gal(K£;7if)-invariant 
and derive from (fTTj) and ([TBI that 

G^\{Lf{K)k'/Kk') ~ Gal(Lf (Kk')/Kk') Gal{Kk , /K) 
= Gal(L* h (Kk')/Kk'), 

which implies L p b (Kk r ) = L^(K)k' . Remaining assertion on the ideal 
class groups of J^fc' and follows from this identity and the functori- 
ality of the Art in maps. □ 

Now we shall give a proof of Proposition 1. 
Proof of Proposition 1. We first show that properties (ii) and 
(iii) of k'/k follows from (i). Assume that a cyclic extension k'/k of 
degree p satisfies (i). If we put K : = L p (/c)(/i p ), G := GaA(L p (k)/k) ~ 
G&\(K / k(iJ,p)) and 

A := Ga\(k(n P )/k) ~ Ga\(K/L p (k)) ~ Gsl{Kk' / L p {k)k') 

as above, we have 

Gal(L^ b (L p (A;)A;')/L p (A;)A;') ~ Gal(L; h (Kk')/Kk') A 

= G&\{Lf(K)k'/Kk') A ~ Gal(Lf (^)/^) A 

~ Gal(Lf (L p (k))/L p (k)) = 1, 

hence L p h {L p {k)k') = L p (k)k', which in turn implies property (ii), 
namely, L p (k)k' = L p (k') and G k {p) ~ Gk'ip) because L p (k)k'/k' 
is unramified. Then (i) also implies (iii) since Gk{p) — Gk>{p) and 
Cl(L p (k')(fi p )) ®Z P = Cl(ia') ®Z P ~ Cl(AT) <g> Z p as G-modules. Thus 
it is enough to show that there exists k'/k with property (i). 

We write L/K for the maximal elementary abelian p-subextension 
of L p h (K)/K such that L/k(n P ) is a Galois extension and G acts on 
Gal(L/iT) trivially via the inner automorphisms of Gal(L / k(fi p )) as in 
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LemmaEJ Then there exist H C (0^^)¥ P ) G and an abelian p-extension 
M/K such that 

L = K{<fH)M 

and M is linearly disjoint from K{yO^)/K. Here we note that 
(19) 

dim Fp GaI(M/K), dim Fp H < dim Fp Gal(L/K) = dim Fp (Cl(iT) ®F p ) G . 

Let Oi, . . . cid(G) be ideals of Ok whose ideal classes form a basis of 
Cl(/c)[p], and let a; G be integer such that af = a.iOk as in Lemma 
HI It follows from the principal ideal theorem that a.iOL p ^) = liOh v (k) 
for some 7» G C>L p (k)- Hence there exists 77^ G @L p (k) sucn ^ na t 

(20) a, = r/ i7 f 

for each 1 < i < We define H C 0* <g> F p = (£>* ® Fp) 1 to 

be the F p [G]-submodule generated by rji <g> l's (1 < i < d(G)). We note 
that 

(21) #oC((0* ^F,) 1 ) 

by (12T)]) . For each x G A, let F x and N x be direct sum factors of 
[0\ ®F p ) x as given in Lemma [21 We choose direct sum decomposition 
F x = F x® F x of F x to free F p [G]-submodules such that 

(22) H x C F° © iV x 

for each % G A, where H x is the x _ P ar t °f H. It follows from facts 
H C (£>£ ® F P ) G and (PSD that we can choose F° with 

(23) rank Fp[G] F x ° < dim Fp (Cl(K) ® F P ) G . 

Under the above choice of F° we obtain the following estimation of 

rank F [g]-^ ^ or an ^ X ^ A by using Lemma [21 
(24) 

rank^Gji^ 1 > r 2 (k) - (#G - l)(d(G) + r(G) + dim Fp (Cl(^) ® F P ) G ) 
-dim Fp (Cl(AT)®F p ) G -l. 

Put 

m : = ([A;(/i p ) : fc](#G - 1) + l)(d(G) + r(G) + dim Fp (Cl(K) ® F p ) G ) 

+ dim Fp (Cl(K)®F p ) G + l, 
n : = dim Fp (Cl(K) ®F p ) G . 

Then it follows from Lemma [21 (|T9|) and (1231) that 

(25) m > rank Fp[G] F x ° + dim Fp JVj + 1, 

(26) n > dim Fp Gal(M/K). 
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Also we have 

(27) rank^c]^ 1 > 2m + n + d(G) 
by the assumption r 2 (k) > B p (k) and (124|) . 

For each x G A, we choose an F P [G] -homomorphism 

mo+no 

f x : {O* ® F p )* = F x ° © ^ © iV x — > ¥ p [0]al 

1=1 

where a*'s are free F p [G]-basis, as follows: 
In the case where x ^ 1, we choose f x so that 

m mo+no 

(28) n F o eNx : F° © N x F p [G]a* C F p [G]a* 

i=l i=l 

and 

mo+no 

(29) = F P [GK. 

i=l 

Such a homomorphism / x certainly exists by ( 1251) and ( 1271) . 

In the case where \ = 1, we chose J 1 so that 

(30) 

mo+no 

/"li^ : © — C := ^ J] QaJ ' 

I »=i 

and, for some direct sum decomposition 

Fl = Fl° © Fl 1 

of Fl to free F p [G]-modules F^ and F x n with rank^^F-, 10 = m — 1, 
whose existence is assured by (1271) . 

mo 

(31) / 1 | fil o:F 1 lo ^C0F p [G]a, 1 

i=l 

and 



8=1 J i=l 



■mo+no 



(32) / 1 (F 1 11 )= J D:= £ c^ 1 



i=l 



m +n I m +n 



8=1 J 8=1 



where e : F p [£r] — > F p denotes the augmentation map. Such a 
homomorphism f 1 also certainly exists by (1251) and (1271) : The fact 
C ~ F p [G]® mo_1 and (125]) assure the existence of f 1 with properties 
(BOD and (ED. Also (ETJ and the fact 



n r>j H7ffimo+no+(i(G)-l 
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which follows from the exact homology sequence 

= Hi{G p [G\® ma+n °) — Fi(G,F p ) — D G 

„ F ®mo+n „ Fp ^ o 

and Hi(G, F p ) ~ F p G \ assure the existence of J 1 with property fl32|) . 

It follows from Lemma [3] and fl26|) that there exist degree one prime 
ideals £j of X (1 < i < mo+no), which lie over distinct rational primes, 
and gi G Z such that 

(a) (£i,M/K) = 1 for 1 < i < m and ((£i,M/K)\m + 1 < i < 
m + n ) = G&\(M/K), 

(b) (gi mod £$) <8> 1 generates (0x/£j) x ® F p , and if we define the 
F p [A x G] -isomorphism 

mo+no mo+no 

¥ p [AxG]a, t ^ (0 A 7a£,) x ® F p , 

i=l i=l o-eAxG 

where 5j = X] x eA a ? an< ^ ^ ac ^ s on a f v ^ a X; by <^(3j) = mod £j)<g) 
1, and denote by 

mo+no 

7T : ® F p — > (Ox/ ( 7£ i ) x <g) F p 

i=l o-eAxG 

the natural projection map, then we have 

7r = ^°(© xe A/ X )' 

where 

mo+no mo+no 

© x£ a/ x ■ Ok ® F P — F P [GK = F P [A x G]a, 

X6A i=1 i=1 

is the direct sum of / x 's. 

It follows from property (b) of £,'s, (|25|l, and ([30]) that 

m m +n 

7r|^:iJ^0 (Ox/a£ 4 ) x ®F p C (Ojf/aft) X ®F P , 

i=l ctgAxG i=l o-eAxG 

which implies that 

G&\{K{<fH)/K) = {{<r^K{<fH)/K)\<r e A x G, l<i< m >, 



and (cr£j, K(yH)/K) = 1 for cr G A x G and m + 1 < z < m + n . 
Combining this and property (a) of £j's, we conclude that 

(33) Gsl(L/K) = ({a£i,L/K)\a 6 AxG, 1 < i < m + n ). 
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We also derive from property (b), (1251). (130). pi) and (1521) that 

coker n = (coker 7r) A ~ F p , 

hence if we denote by U the prime of k below £, and by P^m/^m 
the ray class group of modulo m := nii°i +n ° ^ °f a number field F 
containing /c we have 

(34) (PK,m/S K ,m) ®^ P - F p . 

We observe the maps 

/ mo+no 

O fc x ® F p -U ((0* ® W^f (O k /<t£* 



i=l o-eAxG 
m +n 




(a/^) x ®F p 
i=i 

~ (O fc /m) x ®F P , 

where t is the natural map induced by the inclusion 0£ C 0*, and 
tt 1 ' 6 " is the restriction of 7r to ((£>£ <g> Fp) 1 ) . 

It follows from (I5T1). (152]) and the fact CCD that 
(35) 

imvr^ = v o ® Fp) 1 ) ) = cp o ^((F 10 ) ) + <p o f\(F?)°) 

= <p o f\N G Fl°) + up o f{N G F\ x ) = <p(N G C) + ip(N G D) = <p(N G D) 

m +n 



((gi mod • •, (# mo +n mod l mo+no )(g)x 



i=l 



and coker tt 1,g ~ F p . Furthermore, because F^ 1 C (O^. (g) Fp) 1 = 
® ¥ p and im7rl ' G = V{N G D) = ^ G (N G Fl l ) by ([SS]), we see 
that N G F]_ l C imt and im (7r 1,G o i) — imvr 1 ' . Hence we have 

(36) (Pk,m/S k ,m) ® Fp ~ coker (tt 1,0 oi) = coker n 1 ' ~ F p . 

On the other hand, since ~k{Hq) C im7r 1,G = im (7T 1,G o t) by (|2T1) . 
we find from (1201) that there exists £j G 0^ such that 

(ofj mod m) (8> 1 = (77* mod m) ® 1 = (e, mod m) (g> 1 

for 1 < % < d(G) in (((0 K /m) x ® Fp) 1 ) = (O fe /m) x <g> F p . Then it 
follows from (1361) and Lemma |4] that 

dim Fp (4 im /5 fc , m ) ® F p = dim Fp (Cl(A;) ® F p ) + 1. 

Therefore there exists a cyclic extension k'/ k of degree p and conduc- 
tor dividing m which is linearly disjoint from L^(k)/k. We derive 
from ([Ml) that L'k'/K is the maximal elementary abelian p-extension 
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which is unramified outside {cr£j|l < i < m + no, o G Gal(K/k)}. 
We see that every prime [j ramifies in fc'/fc since the natural map 
(Ok/li) x <S> F p — >■ coker (n 1,G o t) is injective by (I35I) . whose image 
is isomorphic to the inertia subgroup for the prime U of the Galois 
group of the maximal elementary abelian p-extension over k unrami- 
fied outside {b, . . . , l mo+no }. Hence, combining (|33|) . we find that the 
extension k'/k satisfies conditions (i)-(iii) of Lemma [51 Thus we con- 
clude by using Lemma that k'/ k has property (i) of Proposition [TJ 
which completes the proof. □ 



7. Embedding problem of Galois extensions 

In this section, we recall some facts from embedding problem of 
Galois extension to prove Proposition II (consult, for example, [10] 
and [H] for this section). 

Let p be any prime number and F j E a finite p-extension of number 
fields of finite degree such that G := Gal(F/E) fits the following exact 
sequence with a finite p-group G': 

(37) 1 — > Z/p G' G — >1. 

The Galois extension Mj E containing F is called a solution of embed- 
ding problem fl37j) if and only if there exists an isomorphism 9 : G' ~ 
Gal(M / E) such that the diagram 

G' G 



Gal(M/E) rcstriction : G 

is commutative. 

We recall that every cyclic extension M/F of degree p is given by 
the unique degree p subextension of the cyclic extension F(fj, p , tfa)/F 
for some non-trivial a (g> 1 G (F(fi p ) x ® Fp) 1 ^, being the cyclotomic 
character Gal(F(p p )/F) — > as above. In what follows, we denote 
by F{tfa}/F the unique subextension of F(fj, p , tfa)/F of degree p for 
any non-trivial a <8> 1 G (F(n P ) x ® F p ) w . Now we recall the following 
theorem, which plays a crucial roll to establish the final step of our 
construction: 

Theorem A . Let p be a prime number and F/E an unramified 
p-extension of number fields of finite degree with Galois group G. 
Then embedding problem (137]) always has a solution. Furthermore, 
if F{tfa^}/E is a solution for a <8> 1 G {F(p, p ) x <g> F p ) w , then all the 
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solutions are given by F{^/aa Q }/ E for a <g> 1 G (E(fi p ) x ® F p ) w with 
aa <g> 1 ^ in (F(/i p ) x ® F p ) w . 



Proof. The existence of a solution follows from [TOj Satz 2.2, 4.7, and 
5.1], and the description of all the solutions is given by 0, Cor. 8. 1.5]. 
□ 

8. Final step of the construction 

We shall finish the proof of Proposition II in this section. Our first 
aim is to show the following: 

Lemma 6. Let p be a prime number and k a totally imaginary number 
field of finite degree. Assume that G := Gk(p) is finite and r 2 (k) > 
B p (k). Then for any given exact sequence of p-groups 

(38) 1 — > Z/p — > G' G — ► 1, 

there exists a finite extension k'/k such that 

(i) Lp(k') = L p (k)k' and k! fl L p (k) = k, hence the restriction induces 

Gk'ip) ^ G k (p), 

(ii) B p (k') = B p (k), 

(iii) there exists an e (g> 1 G (OL p (k')(p, p ) ® ^p) 1 ^ sucn * na ^ 

G" — ► G 

l restriction 

Ged(L p (k'){tfr }/k') rcstricti ° n : G*(p) 
is commutative with some isomorphism 9 : G' ~ Gal(L p (A; / ){^/e^}//i;'). 

Proof. First we assume that group extension (138]) splits. One can 
show that 

dim Fp (O fc x W) ® F p ) w = r a (fc), or r 2 (k) + 1 

by the same manner as in the proof of Lemma [H Then it follows from 
the assumption r 2 (k) > B p {k) that 

dim ¥p (0* M ®W p r >d(G). 

Hence there exists e ®l G )®F P ) W such that /c{^/eo}/A; is a cyclic 

extension of degree p which is linearly disjoint from L p (k)/k. Then we 
have Qd\(L p (k){*p/~e^} /k) ~ G". Thus k! = k is a required extension. 

Now we assume that group extension (1381) does not split. It follows 
from Theorem A that there exists a solution Mj k of embedding prob- 
lem (138]) . Then there is an element a ® 1 G (i^ x <S> F p ) w , denoting 
L p (k)(fi p ) as above, such that M = L p (k){tfa}. Since M/fc is a Galois 
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extension, we see a®l 6 ({K x <8> F P ) W ) G . Hence it follows from the 
exact cohomology sequence 

— Jg ig — (/A- ® F P ) G — ^(G, /jf ) = 0, 
/x being the group of the fractional ideals of if, that 

(39) aO K = 2Pa 

for some ideals 21 of if and o of k(fi p ). We denote by ft the non-p- 
part of the class number of if, which is divisible by that of k(n P ). 
Then by replacing a to a h , we may assume that the orders of the ideal 
class clif(2t) G Cl(if) and ch^^a) G Cl(fc(/i p )) containing 21 and a, 
respectively, are powers of p. 

By using Proposition [1] repeatedly, we obtain a tower of extensions 
k n /k (n > 0) of degree p n with ki C A; m (/ < m) such that L p {k n ) = 
L p (k)k n , k n n Lp(fc) = fc, Gfc n (p) — G, and 

(40) iV m , n := N Kkm/Kkn : Cl(if fc m ) ® Z p ~ Cl(if fc n ) ® Z p 

for m > n > 0. Denote by j njm : Cl(/c n (/z p )) <8> Z p — > Cl(/c m (/x p )) (£) Z p 
and Jo,n : Cl(if) (g) Z p — > C\(Kk n ) (g> Z p the natural homomorphisms 
induces by the inclusions k n (/i p ) C k m (/i p ) and if C if fc n , respectively. 
It follows from (|4"0|) and iV nj0 o J 0n = » n that 

(41) ker/ Q , n = Cl(if)[p"]. 

Also, since we obtain the estimation 

#(C1(^(/Xp)) (8) Z p ) < [if fc n : fc n (//p)]#(Cl(if fc n ) <g) Z p ) G 
= [if :fc(/x p )]#(Cl(if)(g)Z p ) G 

for all n > by using ( 1401) . we find from the surjectivity of the maps 
iV min : Cl(km(fJL p )) ® Z p — ► Cl(fc n (jUp)) (g> Z p 

for m > n > that there is a number no > such that 
N n , jno : d(knifip)) — ► Cl(fc„ (// P )) ® Z p 

is an isomorphism for any n > hq. Hence we see that 

(42) Cl(A;Gup))b n - no ] Ckerjo.n 

for n > n by N n>no o j n0i „ = » n ~ n °. Therefore, by flU} and (|42l), 
we conclude that 21 and a are principal ideals in Kk n and k n (fj, p ), 
respectively, if n is sufficiently large: 
(43) 

%<D Kkn = AO Kkn , aO knM = aO kn{flph Ae(Kk n ) x , a e k n (/j p ) x . 



21 



It follows from ([BHD and (PD that there exists £ o ® 1 e (^h„ ® F p)^ 
such that 

M/c n = = L p (A; n ){^^}, 

where d° G k n (/j, p ) x is so that a w ® 1 is the projection of a Cg) 1 G 
k n {n P ) x ®1F P to (fc„(/i p ) x ®F P )^. Here, L p (fc n ){y^a z:j }/A; n is a solution 
of embedding problem 

1 _^ Z /p _^ G" Gal(L p (fc n )/fc n ) — > 1, 

where r : Gal(L p (A; n )/A; n ) ~ G is the isomorphism induced by the 
restriction. Since the above group extension is not split from our as- 
sumption, we see that Eq £g> 1 7^ 0, which combined with Theorem A 
implies L p (k n ){tfeo}/k n is also a solution of this embedding problem. 
Therefore k' := k n is a required extension of k. □ 

We will employ the following lemma in our final step of the construc- 
tion to assure a constructed unramified p-extension to be maximal: 

Lemma 7. Let p be any prime number, F a number field of finite 
degree with L p (F) = F and S a finite set of primes of F. We denote by 
Fs/F the maximal elementary abelian p-extension unramified outside 
S. For any prime v of F, we write D v for the decomposition subgroup 
of Gal(Fs / F) at v. We assume that the map 

: H 2 (D V , Z) — # 2 (Gal(F 5 /F), Z) 

v : prime of F 

induced by the natural inclusions D v C GaX(Fg/F) is surjective. Then 
we have L P (F S ) = F s . 

Proof. We first note that Fs/F is a finite extension. Let M be 
the genus p-class field of Fs/F, namely, the maximal unramified p- 
extension M of Fs such that there exists an abelian extension F'/F 
with M = FgF'. Also, we denote by L the central p-class field of Fs/F, 
namely, L/F is the maximal normal sub-extension of L p (Fs)/F con- 
taining Fs such that Gal(L/Fs) is contained in the center of Gal(L/F). 
In other words, L is the fixed field of L p (Fs) by the commutator sub- 
group (Gal(L p (F s )/F s ), G&\(L P (F S ) / F)) of Gal(L p (F s )/F s ). Then M 
is contained in L and we have a surjection 

coker0 — ► Gal(L/M) 

(see [31 Theorem 3.11] and section 11.4 in [I2])- Hence we have M = L 
by the assumption coker0 = 0. Suppose that FsF'/Fs is a non-trivial 
unramified p-extension for an abelian extension F'/ F. Then it follows 
from the definition of F$ that F'/F is unramified outside S, and that 
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F' must contain a cyclic extension Fq/F of degree p 2 over F, which is 
totally ramified at some ramified prime by L p (F) = F. Hence FgF'/Fs 
is not unramified, which is a contradiction. Thus we conclude that 
L = M = F s . 

Since Gal(L p (Fs) / F) is a pro-p-group, it follows from the isomor- 
phism 

1 = Gal(L/F s ) ~ G a \(L p (F s )/F s )/(G a \(L p (F s )/F s ),Ga\(L p (F s )/F)) 
that L p (Fs) = Fs- Therefore we obtain the lemma. □ 

Now, by virtue of LemmaEJ we may assume that k is an totally imag- 
inary number field of finite degree such that G := Gk{p) is finite, every 
prime of k lying over p splits completely in L p (k), r 2 (k) > B p (k), and 
there exists e G {0^®¥ p Y (K := L p (k)(fJ, p )) such that L p (k){tfe^}/k 
is a solution of the embedding problem 

(44) 1 — > Z/p — > G' G — ► 1 

in the statement of Proposition II. Furthermore, we may assume also 

that 

(45) 

r 2 (A:)>((2(p-l) + l)(#G"-l) + 2)x 

(rf(G')+r(G')+p 2 (dim Fp ((Cl(L p (fc)( yUp )) ®F p ) + 2(p- 1)#G))) 

+ d{G') + 4p 2 (dim Fp ((Cl (L p (k)(fx p )) ® F p ) + 2(p - + 3 

by replacing k with some suitable finite extension of k by using Propo- 
sition 1 repeatedly. In what follows, we shall observe the global unit 
e locally at p. 

We introduce some notations which will be used in what follows; 
For any number field F of finite degree and prime p of F lying above 
p, we denote by U P (F) the pro-p-part of the local unit group of the 
completed field F p of F at p, and define the pro-p-part of the semi- local 
unit group at p by U(F) = @ p \ p U p (F). We embed the unit group of 
the localization Op, P of the maximal order Op of F at p diagonally 
into U(F) as usual. In the case where \i p C F, we define U p (F) to 
be the submodule of U p (F) consisting of all the elements u G U P (F) 
such that F p (tfu)/F p is an unramified extension (including the case 
Fp(-^u) = F p ) for a prime p lying over p, and put U'(F) = © p | p U p (F). 
Then we have the inclusions U(F) P C U'(F) C U(F) and put R(F) = 
U(F)/U(F)p and R'(F) = U(F)/U'(F). Here we note that 

(46) U' p (F)/U p (FY ~ F p 

as Fp-modules. 
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Since every primes of k lying over p splits completely in L p (k)/k by 
the assumption, we see that 

(47) R{K) ~ R(k(n P )) <g> F P [G], R'(K) ~ R'{k{n p )) ® ¥ p [G}. 

F p F p 

For a prime of p of fc lying over p, the p-adic logarithm map log p and 
the normal basis theorem induces Gal(/c(/i p )p//c p )-isomorphisms 

WW) ® Q p ^ ~ Qp O k( , p )F ® Q p ~ ~ Q p [Gal(fc(/x p yfc p )]®[ fc " : ^, 

where p is a fixed prime of fc(/i p ) lying over p and Ofc^w stands for 
the valuation ring of /c(/z p )p. Hence we deduce 

R(k(ii p )f ~ F®^ +s , R'{k{^ p )Y ~ Ff fc: « 

as F p -modules, where s denotes the number of the primes of /c lying 
over p, from the facts 



R(HVp)) - © WW) ® Z p [Gal(fc(/x p )/fc)] <g> F 

W 1 Zp[Gal(fc( M p)p-/fc p )] ' 



P' 



PIP 



and WW)/WW) P Q (WW) ® F^'^WM and © by 
the similar manner as in the proof of Lemma [U Hence we have 

(48) R(K) U ~ F p [G] ffi[fc:Q]+s , R\Ky ~ F p [G] e[fc:Q1 



as G- modules by using (j4j 

Since L p {k){tfe} / L p {k) is an abelian p-extension unramified outside 
p for any £®1 6 (C^®F p )^ and L p {k) has no non-trivial unramified p- 
extension, the natural maps (0* <g> F p ) w -> R'(K) U and (0* <g> F p ) w -> 
R(Ky is injective. We put £ := im((<9£ ® F p ) w -> R(KY). 

Lemma 8. Let Z be the kernel of the natural projection map 7r : 
R(KY — ► R'(Ky. Then there exist free F p [G]-submodules P and Q 
of i?(iTr such that 

R{Kf = P®Q(BZ, R\KY {Ap ~ ] 1 P®Q, 

and that E C P and rank Fp[G] <2 > r 2 (A;) - 1 - ([k(fi p ) : fc](#G - 1) + 
l)(d(G) +r(G) + dim Fp (Cl(K) ®F P ) G ). 

Proof. Let r = dimp E G . Then we see that there exists an injection 
of F p [G]-modules h : E — ► ¥ p [G)® r . Let i : E —> R{Kf be the 
natural inclusion map. Since R^K f ~ F p [G]®[ fc:Q ] +s by gHJ), i^iTr is 
an injective object in the category of finitely generated F P [G] -modules. 
Hence there exists a homomorphism g : F p [G]® r — > R(K) U such that 
g oh = i. 
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We find that g is injective as follows. Let y G (ker g) G be any element. 
Since E G ~ F® r ~ (F p [G]® r ) G , the injection h induces the isomorphism 
E G ~ (F p [G]® r ) G . Hence y = h(x) for some x G E G and we have 
= 9{y) = i{ x )-> which implies x = and y = 0. Thus we show that 
(ker g) G = 0, which in turn is equivalent to ker g = 0. 

Put P = im(g). Then P ~ F p [G]® r and E C P. Let x G (Pfl Z) G 
be any element. Because, as we have seen, P G = P G and E (1 Z = 
holds, we have x = 0. Hence we deduce P H Z = 0, then P + Z is a 
direct sum in R{K) W . 

Because any direct factor of a free F p [G]-module is also free, we 
deduce from (j4"8|) that 

(49) Z ~ F p [G] ffis . 

Hence P © Z is also a free F p [G]-module. Then injectivity of P © Z 
shows that there exists a free F p [G]-sub module Q of R(K) U such that 
P^ = P © Q © Z. 

Now we shall estimate the F p [G]-rank of Q. It follows from Lemmas 
Hand M that 

E~F U ®N U 

for a certain free F p [G]-module F w of rank r u < r 2 (k) + 1 and F p [G]- 
module N u with dim Fp N G < ([k(fi p ) : fc](#G - 1) + l)(d(G) + r(G) + 
dim F (Cl(iC) © F p ) G ). Hence we have 
(50) 

rank Fp[G] P = dim Fp E G < r 2 (k) + 1 

+ {[k(np) : fc](#G - 1) + l)(d(G) + r(G) + dim Fp (Cl(if) © F p ) G ). 
Therefore we derive from (j48j) . (j49p and (I577j) that 
rank Fp[G] G, = 2r 2 {k) - rank Fp[G] P > r 2 {k) - 1 
- ([k(fi p ) : fc](#G - 1) + l)(d(G) + r(G) + dim Fp (Cl(K) © F P ) G ). 

□ 

Lemma 9. Let F/K be any finite abelian p-extension linearly disjoint 
from the maximal abelian extension of K which is unramified outside 
p. Then for any u G R{K) and r G Gal(P/i^), there exist infinitely 
many degree one principal prime ideals AOk of Ok such that AOk is 
prime to p, (A mod P(iT) p ) = u in P(iT) and (A0 X , F/lf) = r. 

Proof. Let M be the maximal abelian p-extension of K which is 
unramified outside p. We obtain the exact sequence 

(51) O k © F p — > P(if) Gal(M/L p b (K)) © F p — > 
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by class field theory, where p is the map induced by the reciprocity map 
from the idele group of K to Gal(M/ K). Let H be the maximal unram- 
ified abelian extension of K and a ® 1 = p(u) G Gal(M/ 'Lf'(K)) <g> F p . 
Then, it follows from the Chebotarev density theorem that there ex- 
ist infinitely many degree one primes £ of K not lying over p such 
that (£,H/K) = 1, (£,M/K) = o^ 1 and (£,F/K) = r, since a G 
Gdl{M/Lf{K)), H n M = Lf{K), and the fact that F is linearly 
disjoint to M and H over i^. The assumption (£,H/K) = 1 implies 
that £ is a principal prime ideal, say, £ = A q Ok, and we deduce 
from the assumption (£, M/K) = a' 1 that p(A mod U (K) p ) = cr ® 1. 
Therefore it follows from (|5ip that (A mod U(K) P ) = u in R(K) and 
(AC?#, F/K) = (£, F/K) = t for a prime element A = A Q e with some 
eeO K . ' □ 

Recall that L p (k){tfFo}/k is a solution of embedding problem (J44J) 
with £ ®l6 (0^<8>¥ p ) w . Let R(Ky = P®Q®Z be a decomposition 
given by Lemma [HI Since L p (fc){^/i^}/fc is a Galois extension and P 
is a free F p [G]-module, we have (e mod U{K) P ) e E G C P G = N G P. 
Hence 

(52) (e mod U(K) P ) = N G x 
for some x G P. 

Let {ai, (72, ... , <Jd} be a generator system of G, where d = d(G), 
and {q%, q 2 , ■ ■ ■ , (i = rank F [ G ]Q) be a system of free basis of the free 
F p [G]-module Q: Q = ®* =1 F p [G]gj. Here we have 

(53) t > 2d 

by Lemma [HJ and the assumption r2(k) > B p (k). 

By virtue of Lemma [9] and (1331) . there exists a degree one prime 
element Ai G Ok which is prime to p such that 

d 

(54) (Ai mod U{K) P ) = -x + ^(o* " 

8=1 

in R(Ky. We put A x = N Kfk{tlp) ^ = N G A 1 . Then AiO Mrt>) is a 
degree one prime ideal of k(p, p ). Let Af G 05 ^ p be an element such 
that the projection of Ai ® 1 G 0# ® F p to the opart is Af (g) 1 G 
(£>* jP ®F p ) w . Then it follows from ([£]) and §U) that £ A^ <g>l G (0£ iP ® 
F p ) w maps to by the natural map (0 Kp <g> F p ) w — > i?(K) w because 
(A? mod £/(fO P ) = (Ai mod [/(if)?) = N G (Ai mod f/(K) p ) = -(e„ 
mod U(K) P ) in R(K) U . Hence every prime of L p (k) lying over p splits 
completely and that dividing N k ^ p y k \i totally ramifies in the degree p 
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extension L p (k){ ^/eoXf }/L p (k), respectively. By using Lemma M and 
floU]) again, we can choose a degree one prime element A 2 G Ok which 
is prime to p such that 

d 

(55) (A 2 wodU(K)*) = -x + y *r(<T i -l)q i+d 

i=l 

in R{KY and that the prime A 2 0x of K remains prime in K(^/£ Xf). 
Let A 2 = N K / k (j Xp }A 2 . Then, similarly to the above, we see that A 2 is 
also a prime element of ), and that every prime of L p (k) lying over 
p splits completely and that dividing Nf t ( Jip )/kX2 totally ramifies in the 
degree p extension L p (k){ ^ EqX^ }/L p (k), A 2 G O k being similar to 
\±, respectively. 

In what follows, we shall show that L p (k){^/e Xi, ^/sq\% } is the 
maximal elementary abelian p-extension of L p (k) which is unramified 
outside the primes dividing A^( Mp )/fc(AiA 2 ). 

Assume that L p (k){<f/]3}/ L p {k) is unramified outside the primes di- 
viding N^/kiXiXi) for p ® 1 G (0* p ® F p ) w . Then we find that 

(56) /3®1 = 7 ? ®l+^a (r (j(A^l)+^6 CT o-(A^®l) in (C^ p ®F p )", 

o-eG o-eG 

where A^ <g> 1 with A^ G 0£ p is the projection of A; <g> 1 G 0£ p g) F p to 
[p\ v ® F p ) w (i = 1, 2), for some 77 <g> 1 G (0* ® F p f and a a ,b a G F p . 
Since all the primes of K lying over p are unramified in K(<{fj3)/K, we 
have 

(77 mod t/'(fO) + ^ a CT (x(A^ mod [/'(if)) 
o-eG 

+ ^6 CT a(A£ mod = 

crGG 

in R'(K) W , which implies 

(77 mod t/(fs:) p ) - ^(a a + 6 a )ax 

d d 

o-eG i=l o-eG «=i 

in R(K) W by ([MD, dSSD, and the fact (A; mod [/(ffp) = (A? mod £/(iTp) 
in Ri^K)^ for z = 1, 2. Hence we obtain 

(57) (77 mod [/(iff) - ^(a ff + 6 ff )aa; = 0, 

o-eG 
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and 

(58) a ^( a i ~ 1) = Yl b ^ a ( a i - 1) = (1 < % < d), 

because (r/ mod U(K) P ) — J2aeG( a ^~^ ba ) ax e P and q^s form a system 
of free basis of Q over F P [G]. It follows from (1581) that there exist 
some a, b e F p such that a a = a and b a = b for all a £ G, because 
E^eG a <r°"( r - 1) = Y.aeG ^°"( r - 1) = holds for any r E G by (EE} 
and our choice of oVs, which implies XLgG a °" cr ' XLeG e ^p[^] G = 
FpA^G- Hence we derive from ( 1521) and ( l57j) that 

(77 mod £/(K) p ) - (a + 6)(e mod f/(A") p ) = 0, 

which implies r\ (g) 1 = £o +& ® 1 m ® F p ) w by the injectivity of 
(£>* <g>F p ) w — > R(Ky. Therefore, by using (pj and the fact A" G (A^<g> 
1) = X? <g> 1 = 1,2), we conclude that 

/3®i = ^+ b (Arr(A£) 6 ®i m (o* iP ®F P r, 

and that 

= L p (fc){^(£ Ar) a M£) 6 } C L p (A;){^Af, ^A£}. 

Thus we have shown that L p (k){-ueoXtf, -^/ioA^} is the maximal ele- 
mentary abelian p-extension of L p (k) which is unramified outside the 
primes dividing A^ fc ( Mp) / fc (AiA 2 ). 

Since the prime A 2 Ok of K remains prime in K(yEoX() and rami- 
fies in K(f/e \%) by our choice of Ai and A 2 , the decomposition sub- 
group of G&\(L p (k){^/eo\f , %/e \%} / L p (k)) at the prime below A 2 O k 
is the whole of the Galois group. Hence it follows from Lemma [7] that 
L p (k){^/eo\i , ^/ £ o^2 } has no non-trivial unramified p-extensions: 

(59) L p {L p {k){^Xf, ^/I^})=L p (k){^Xf, if^>q}. 

Also, every prime of L p (k) lying over p splits completely in the exten- 
sion L p (k){^Xf, f/eJ$}/L p (k). 

Now, k! := k{ %J Xf (A| is a required field as we shall see in the fol- 
lowing: We first note that L p (k) { ^/eoXf } jk is also a solution of embed- 
ding problem (Pill) by Theorem A, and that every prime of k! lying over p 
splits completely in L p (k){ ^/eqX^ }, {/S0X2 }/k'. Since k'/k is linearly 
disjoint from L p (k){^/e Xf}/k, the restriction map induces the iso- 
morphism Gal(L p (A;){^AT, tfe^j/k') ~ Gal(L p (A;){^AY}/A;) ~ 
G". Also, because L P (A;){ ^/e X^ , ^A£ }/£ P (£:){ ^A^ '(A£ )-*} and 
£p(^){v^ (^sO -1 ) A' are unramified p-extensions, we conclude that 
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L p (k){ y£oA?, ^/^o^}/k' is an unramified p-extension. Hence it fol- 
lows from (J35J) that L p (A;){^/e^Af, ^ioA£} = Lp(fc')- Therefore we 
find that Gk>{p) fits commutative diagram (TjQ) with suitable isomor- 
phism 9, and that L p {k')/k' is p-decomposed. 

Finally, we shall examine the condition on B p (k') by using the fol- 
lowing: 

Lemma 10. (Iwasawa, [7, p. 7, (4)]) Let F/E be a cyclic extension of 
prime degree p, and let s be the number ramified primes in F/E. Then 
we have 

dim Fp (Cl(F) <g> F p ) < p(dim ¥p (Cl(E) ® F p ) + s). 

By applying the above lemma to cyclic extensions L p (k')(/j, p ) / Kk' 
and Kk'/K of degree p, we derive from our assumption (I45jl on B p (k) 
that r 2 (k') > B p (k'); Since the number of ramified primes at Kk'/K 
is 2[K : fc], which does not exceed 2(p — and L p (k'){n P ) / Kk' is 

unramified, we have dimF p (Cl(L p (A;')(/Xp)) ® F p ) < p 2 (dimF p (Cl(ii') ® 
F p ) + 2(p - 1)) by Lemma M 

Thus we obtain a required field fc'. This proves Proposition II, hence 
we have completed the proof of Theorems 1 and 2. 
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